We show that the optical spontaneous emission rate in the presence of two ground state Bose-Einstein condensates depends on their phase difference.
Spontaneous symmetry breaking is a fundamental physical phenomenon. In particular, breaking of the global phase symmetry explains much of the interesting physics of BoseEinstein condensates [1] . We show that this spontaneously broken symmetry can effect the rate of spontaneous emission from excited atoms. This happens when the excited atoms can decay into either of two final states which are Bose condensed. The physical origin of the effect is the indistinguishability of the final states, which produces phase dependent interference terms in the transition probability. For spatially separated condensates distinguishability depends on whether the emitted light's propagation direction or source position is measured. This is an example of a two slit "which-path" experiment such as the Feynman light microscope.
A variety of experiments on Bose-Einstein condensates of dilute gases, such as measurements of the excitation spectra [2, 3] , have been reported. Most relevant to this paper is the production of two overlapping condensates in the same trap [4] . The two species were the |F = 1, m = −1 and |F = 2, m = 2 hyperfine spin states of rubidium-87. Our system requires two condensates into which an excited state can make a spontaneous transition.
For example an excited state with magnetic quantum number m and ground states with magnetic quantum numbers m ± 1. A schematic experimental setup is shown in Fig. 1 .
Bose stimulation of transitions by atoms has been studied for both electronic [5] and nuclear [6, 7] transitions. It was shown to be experimentally feasible for electronic transitions [5] . We apply the same idea to a system with two ground state condensates instead of one, and find that the atom stimulated emission rate depends on the condensate phase difference.
Other optical methods for detecting this phase difference are based on driving Raman transitions between the ground states. Javanainen has shown that prompt amplification of one beam is a signature of a condensate phase difference [8] . This is because the condensate phase difference behaves like a two-photon optical coherence. Imamoḡlu and Kennedy have shown that this coherence allows spontaneous Raman scattering to generate coherent light, as well as allowing the complete elimination of Raman scattering [9] . Ruostekoski and Walls found that the relative peak heights of the characteristic two-peaked light scattering spectrum depend on the relative condensate phase [10] . Although our method is closely related to these, it differs in that no external light is applied and no Raman transitions occur. The emitted light is generated by the decay of independently produced excited atoms.
The phase difference between two condensates can in principle be detected by interfering the two condensates on an atom detector. The phase of the resulting atom number interference pattern gives the relative phase of the condensates. For systems initially in number states such measurements have been shown to make them behave exactly as if they have a phase difference [11] [12] [13] [14] [15] [16] .
We consider transitions from an excited state labeled by e to ground states labeled by g 1 and g 2 . These states may differ in their internal quantum numbers or in their external wavefunctions. Both situations have been achieved experimentally. In an early MIT trap a blue detuned laser was used to plug the zero magnetic field hole, resulting in two spatially separated condensates [17] . More recently the JILA group has prepared two overlapping condensates with different internal states and different wavefunctions [4] .
In the following we neglect radiation reaction and multiple scattering effects [18, 19] . This requires that the system be optically thin at the frequency of the spontaneously emitted light [20] . We show that the recoil shift of the emitted photon makes this possible, provided the natural linewidth is sufficiently small. Hence we have in mind the decay of a metastable excited state.
We consider spontaneous emission from excited atoms. "Spontaneous" specifies that the emission is not stimulated by light, although it is stimulated by atoms. The spontaneous emission is from the excited state atom fieldψ e to ground state atom fieldsψ g i . The positive frequency part of the electric field operator at position r is given in terms of the atom fields by Javanainen and Ruostekoski [20] aŝ
whereÊ + F (r) is the free field, which we assume to be the vacuum so that Ê − F (r) ·Ê + F (r) = 0.
Rotation at the transition frequency Ω has been removed from the excited atom and electric fields, so that they are slowly varying [20] . We ignore excited state depletion and ground state growth. The integration kernel K(d; r, r ′ ) generates the field at r due to a dipole moment d at r ′ [21] . We shall only be concerned with electromagnetic waves in the far field so that the dominant part of the kernel is that proportional to |r − r ′ | −1 ,
where d g is the dipole moment of the transition g ↔ e, and k = |k| where k is the wavevector of the emitted light. The far field assumption, in the form |r| ≫ |r ′ |, has been used to replace |r − r ′ | in the denominator by |r| and to expand the exponential exp(ik|r
, where n = r/|r|. We have also approximated the propagation direction (r−r ′ )/|r−r ′ | by n, and hence introduced the components of the dipole moments perpendicular to the propagation direction n,
With these approximations the expectation value of the field intensity, with respect to the atom field states and a vacuum free field, is
where κ = ck 4 /(32π 2 ε 0 ). As usual we consider the atom field operators to be expanded in complete sets of orthonormal mode functions {φ i (r)} which are adapted to the system under considerationψ(r) = iâi φ i (r), where theâ i are the usual mode annihilation operators. We assume conditions such that only one mode of each field is not in the vacuum state. For the ground states this mode would typically be the solution to the Gross-Pitaevskii equation [22] .
We assume these modes are Bose condensed and hence may be represented by coherent states | √ N exp(iθ) . The coherent state phase θ embodies the broken global phase symmetry.
Since Hamiltonians always contain pairs of atom creation and annihilation field operators the phase is unmeasureable. However phase differences between condensates are measureable, although experimentally they are not controllable and vary from shot to shot. Coherent states have a mean atom number of N and an atom number uncertainty of √ N . We further assume that all condensates are initially uncorrelated and that Bose enhancement of decays into non-condensate states can be neglected. The assumption that the excited state is condensed is not essential, however it does simplify our treatment. The atom field operator expectation value determining the intensity Eq. (4) is then
where δθ gg ′ = θ g − θ g ′ is the ground state condensate phase difference. The intensity can then be written as
where Re{} means the real part, and we have defined Franck-Condon factors, or the overlaps of the excited and ground modes taking into account the photon recoil,
The last term in the expression for the intensity Eq.(6) depends on the condensate phase
, that is provided there is some field polarization that both dipole moments can generate at r. Since the electric field is a vector field this is necessary for interference to be possible. This dependence of the spontaneously emitted intensity on the condensate phase difference could in principle be used to measure it.
We now give a physical explanation for this dependence. First we recall that if the final states of two transitions are in principle distinguishable then the individual transition probabilities must be added to get the final state probability. However if the final states are indistinguishable then the transition amplitudes must be added, before taking the squared modulus to get the final state probability. The squaring produces interference terms in the final state probability. The intensity radiated in the propagation direction n is proportional to the transition probability for producing a photon propagating in that direction. The first terms in Eq.(6) correspond to the individual probabilities for the transitions into each ground state. The last term corresponds to the product of amplitudes for each transition and hence represents quantum mechanical interference between them. Interference occurs because the condition D * g 1 · D g 2 = 0 ensures that the transition producing photons with a certain polarization cannot be distinguished. A general treatment of the electric field polarization dependence on the atomic level scheme is given by Javanainen and Ruostekoski [20] .
We next estimate the mode overlaps C g . We use gaussians for the ground mode functions
, where l 2 is the one dimensional variance of the probability density φ This represents atoms propagating in the positive x direction with momentumhk e . V is the mode volume. The plane wave usefully models modes which are much larger than the ground modes, so for purely calculational reasons we require (2l) 3 /V ≪ 1. Evaluating the integral Eq. (7) we find
where ϑ is the angle between the light emission direction n and the excited state propagation direction x. Since the {φ i } are a complete orthonormal set the fraction of emissions in the direction n with final atomic mode φ g is |C g | 2 .
Choosing the photon and excited state momenta equal k = k e , which gives the optimal overlap, and using the realistic values l 3 /V = 0.01, and lk = 100 gives
This mode overlap is largest for emission into a cone about the excited state propagation direction [5] . For the atom stimulated emission rate to exceed the non-stimulated rate by a factor of one hundred, at an emission angle of ϑ = 0.02 radians, requires about 100/|C g | 2 ≈
2.3 × 10 5 atoms in the stimulating condensate. At ϑ = 0.03 radians the stimulated emission is negligible.
A condition for the validity of our analysis is that the spontaneously emitted light is sufficiently far off resonance to avoid cooperative effects and multiple scattering [20] . Assuming k = k e , the emitted photon is detuned from resonance by the recoil frequency
, where m is the atomic mass. This detuning must be at least of the order of the condensate collective linewidth, which has been estimated to be 3N g γ/(2(lk) 2 ), where γ is the transition's free space natural linewidth [23, 24] . The condition is then
With N g = 10 6 and lk = 100 this becomes ω R > 150γ. A typical recoil frequency of ω R = 10 5 /s requires the natural linewith γ < 600/s. We note that the total transition rate is proportional to N e which is not constrained. The total radiated power is found by integrating Eq.(6), for the intensity radiated in direction n, over all directions. Let z be the quantization axis and let the excited atoms propagate in the positive x direction, see Fig. 1 . We use the circular dipole moments
, where d ± = |d ± | are the magnitudes of the dipole moments, and the e x/y are unit vectors in the x/y directions. Using the previously calculated mode overlaps Eq.(8) the total atom stimulated radiated power is found to be
The integral is over the spherical surface of radius |r| centered on the origin. We have defined the quantities
and α = 4l 2 kk e . In the limit of ground state mode functions much larger than the wavelength of light, α ≫ 1, this reduces to
where for simplicity we have assumed here, and hereafter, that
and k = k e . This expression shows that the total spontaneously emitted power varies substantially with the condensate phase difference. This is physically reasonable since the dominant contribution to the total power is radiated into a narrow cone in the x direction.
We note that the excited state decay rate is proportional to the total emitted power. This means that the depletion of the excited state, as measured by direct detection of excited state atoms, could also be used to detect the phase difference.
The power Eq.(13) can be scaled to an emission rate by dividing by the photon energȳ hck. Using the free space spontaneous emission rate γ = d 2 k 3 /(3πε 0h ) and the numerical values preceding Eq. (9) gives the total atom stimulated emission rate
= γN e N g (5.9 × 10 −6 )(1 − cos δθ +− ).
For cos δθ +− = 0 this is ten times the free space emission rate γN e when N g ≈ 1.7 × 10 6 .
As a final example we consider the polarization dependence of the radiation for another geometry. The positive frequency part of the electric field with polarization e i , perpendicular to n, is the scalar productÊ + (r) · e * i , withÊ + (r) given by Eq.(1). The intensity of the polarised field is given by similar expressions to Eq. (4) and Eq.(6) with D g replaced by
i . Let the quantization, observation, and excited atom propagation directions all be z. With this geometry the transitions are distinguishable and the total intensity does not depend on the relative condensate phase. However the intensity in particular linear polarizations does depend on the relative phase, as we now show. Define the linear polarization vectors e ϕ = e x cos ϕ + e y sin ϕ. Then the intensity in polarization e ϕ is
This intensity is polarization dependent due to the final term, which also depends on the ground state condensate phase difference. This polarization dependence is diagnostic of broken symmetry in the form of a relative phase between the ground state condensates.
When the relative phases of the transition dipoles of different atoms are independent, such as is possible for a non-condensed gas, there is no such polarization dependence.
We summarise our results so far by noting that at least three measurable quantities may depend on the ground state condensate phase difference: the intensity radiated into a particular mode, the total radiated power, and the total transition rate. The physical origin of these effects is the indistinguishability of the final states.
In particular, the final states must not be distinguishable using the photon emission directions. This is similar to "which-path" two slit experiments such as the Feynman light microscope [25] . Consider an experiment in which the condensates are separated perpendicular to the direction of dominant emission, such that they are in principle optically resolvable, An experiment relying on atom stimulated emission into two condensates will be more difficult than the corresponding single condensate experiment. However our numerical estimates, and the recent preparation of two condensates in the same trap [4] , give cause for optimism concerning the feasibility of observing the effect of spontaneously broken phase symmetry on spontaneous emission. The dipole moments are quantized in the z direction and are shown as arrows and directed circles.
In the usual "which-way" fashion the lens and screen may be adjusted to produce phase dependence or not.
